We construct the effective Hamiltonian describing the motion of electrons in compositionally graded crystals which is valid throughout a given energy band and part way into the gaps. The effective Hamiltonian, constructed from the band structures of uniform crystals, also includes the effects of a slowly varying applied scalar potential U(r). Near the edges of a ncndegenerate band, this effective Hamiltonian reduces to an effective mass Hamiltonian with position dependent mass (one of several forms previously appearing in the literature):
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We construct the effective Hamiltonian describing the motion of electrons in compositionally graded crystals which is valid throughout a given energy band and part way into the gaps. The effective Hamiltonian, constructed from the band structures of uniform crystals, also includes the effects of a slowly varying applied scalar potential U(r). Near the edges of a nondegenerate band, this effective Hamiltonian reduces to an effective mass Hamiltonian with position dependent mass (one of several forms previously appearing in the literature): Heff = pi( --) pi + £(r) + U(r), where £(r) is the energy of the band edge as a function of position. The analogous effective mass Hamiltonian for degenerate bands is also derived. Next, we examine more general states-not restricted to the vicinity of a band edge-in crystals with composition and applied potential variation in one direction. We obtain a WKB-type solution for the envelope functions, as well as the appropriate turning point connection rules.
In recent years, the ability to fabricate semiconductor nanostructures with highly cr_--trolled variable chemical composition has led to a renewed interest in the physics of electroigin nearly periodic fields and at interfaces. In this Letter we present some results of an ongoing investigation into this subject: (i) First, an effective Hamiltonian R is constructed that describes the behavior of electrons in a semiconductor whose composition has a slow spatial variation-slow enough so the concept of a local "band" is well defined. This will be the case when the length scale over which the composition varies is much larger than a lattice constant. The accuracy of this effective Hamiltonian depends only on the composition gradient-it is valid throughout a given energy band and part way into the gaps. 
E On. . Therefore, we can approximate the exact (aIHjaI,) by
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This defines our effective Hamiltonian h for nondegenerate bands. Although band indices have been suppressed, (2) is to be understood to be exactly band-diagonal. RH is manifestly Hermitian, and since E(k, c) = E(-k, c) for a given c, it is also real. The form we have chosen for R is not unique-alternate forms, for example 1 f d 3 k E(k, _-T-) e differ from (2) by terms of order e 2 . Here e = blVcj is a dimensionless small parameter characterizing the small gradient in c(r), and b is the average magnitude of the three bV.
In general, the errors in (2) are of order e, the change in c over a unit cell, il contrast to errors of the order of the change in c over the entire sample if a single mean composition were used. In a study to be published [14], we have shown that for a Bravais lattice the exact (aljHjaI,) are real, from which it follows that the (aIlHja 1 ,) have no parts of order e;
For a degenerate band n with branches v, the effective Hamiltonian is defined similarly. F for all r will be given below; for now we assume that F has continuous first and second derivatives. Equation (4) can then be extended to the continuum by using the definition (2) of R for nondegenerate bands, Taylor expanding F to second order, and noting that E(k, c(l)) = E01, I + cos(k .1) + 0(e 2 ). This leads to Note that we have not performed an ad hoc symmetrization in (5). Equation (5) An effective mass Hamiltonian for degenerate bands may be derived similarly. For simplicity, we again assume that the extremum occurs at the BZ center. Defining a continuous envelope function FL'(r) for the uth branch of band n results in a set of coupled differential equations F., (Heaffv' -E6bv')FL' = 0 for the FL(r). We find
Heiff L9kiclkj ) k=O with errors 0(72) + 0(e)+) + 0(f() + (,E7 3 ) + 0(17 in obvious notation, the WF amplitudes may be written as ý1 = eik.LILFI, where k, is a constant, and (4) reduces to
where hi, 1 +g(k±) . 
There may be more than one solution k(z) to (9) 
where k and E are related through the band structure and E/lOk is understood to be a function of position. This is the appropriate generalization of the conventional WKB wave function to electrons in uniform or slowly graded crystals.
In analogy with conventional WKB theory, we now calculate the connection rules by solving Eq. (4) near a turning point where the energy E is equal to the total energy of the band edge. k, is a fixed parameter and will not be written. Since we are interested in the regime near the band edge, we may use the effective mass Hamiltonian with position Combining (12) with (6) Next we introduce a stretched coordinate 0 = z; then
where A =--3.
In the following we shall assume that A < 1, which can be shown to be equivalent to the assumption that the fractional change of I is small over the turning point region
Also, as in conventional WKB theory, the condition 'w0L < 1 must be satisfied.
We first solve ( lk!-e-f ildz.
The WKB envelope functions and the turning point connection rules immediately yield the bound state quantization condition
for each solution k(z) of (9) . Here n is a nonnegative integer labeling the bound state, and
Equation (15) provides an efficient means to calculate energy levels-including high lying ones--in a slowly graded (e.g. parabolic) quantum well. Let S(E) = 1 f k(z) dz be the dimensionless action associated with the classical trajectory of an electron of energy E, the z-component of that trajectory forming a closed path, for some fixed value of k±.
Simple numerical integration yields S(E) for each E, for any local band structure and confining potential. A plot of S versus E yields eigenvalues En, when S(En) = n + 2' and the density of levels (OS/OE)-'. The complete spectrum is obtained by including the energy levels corresponding to each k(z) [19] .
In Fig. 1 , we apply (15) to the calculation of single-electron energy levels in a slowly graded ALGal-cAs parabolic quantum well [20] , with the growth axis in the (100) direction. The curvature of the parabolic band edge has been chosen so that the energy level spacing at the bottom of the well is 10 meV. The band structure we use consists of a linear interpolation between the band structure of GaAs and that of AlAs, and we have chosen 
